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Abstract
The df particle-in-cell method for gyrokinetic simulations with kinetic electrons and electromagnetic perturbations [Y.
Chen, S. Parker, J. Comput. Phys. 189 (2003) 463] is extended to include arbitrary toroidal equilibrium proﬁles and ﬂuxsurface shapes. The domain is an arbitrarily sized toroidal slice with periodicity assumed in toroidal direction. It is global
radially and poloidally along the magnetic ﬁeld. The diﬀerential operators and Jacobians are represented numerically
which is a quite general approach with wide applicability. Discretization of the ﬁeld equations is described. The issue
of domain decomposition and particle load balancing is addressed. A derivation of the split-weight scheme is given,
and numerical observations are given as to what algorithmic change leads to stable algorithm. It is shown that in the ﬁnal
split-weight algorithm the equation for the rate of change of the electric potential is solved in a way that is incompatible
with the quasi-neutrality condition on the grid scale. This incompatibility, while negligible on the scale of interest, leads to
better numerical stability on the grid scale. Some examples of linear simulations are presented to show the eﬀects of ﬂuxsurface shaping on the linear mode growth rates. The issue of long-term weight growth in df simulation and the eﬀect of
discrete particle noise are brieﬂy discussed.
 2006 Elsevier Inc. All rights reserved.
PACS: 52.65.+z; 52.35.Mw
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1. Introduction
We present a method for extending electromagnetic df particle-in-cell (PIC) gyrokinetic simulations [1] to
general geometry, including equilibrium proﬁle variations. At the present time gyrokinetic simulation of the
electrostatic ion-temperature-gradient (ITG) modes and trapped-electron-modes (TEMs) with adiabatic electrons or with kinetic trapped electrons [2] has become a mature numerical tool for stability and transport analysis. Electromagnetic simulation with fully kinetic electrons, on the other hand, is much more diﬃcult, and has
become practical only recently. In a previous paper we have presented an electromagnetic df particle algorithm
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for turbulence simulations [1]. The algorithm uses parallel momentum pi instead of parallel velocity vi as a
coordinate to avoid the diﬃculty with evaluating the inductive component of the parallel electric ﬁeld, oAi/
ot. It uses the generalized split-weight scheme [3] to enhance the time step, and a modiﬁed Ampere equation
to solve the accuracy problem at high b [4]. Validation of the algorithm includes benchmark with the dispersion relation in shearless slab geometry, and benchmark with the continuum code GS2 [5] and GYRO [6] in
toroidal, ﬂux-tube geometry. The GEM code is based on this algorithm, but has been recently extended to
include general ﬂux surface geometry and equilibrium proﬁles.
The constraint on the time step due to rapid electron motion along the ﬁeld line is removed in the continuum codes GS2 and GYRO by treating the parallel streaming motion in the electron gyrokinetic equation
implicitly. Implicit algorithm can also be used for particle simulation [7] to achieve large time steps. If the
vi formalism [8] is used and the inductive electric ﬁeld oAi/ot is also treated implicitly, the high-b accuracy
problem with the Ampere’s equation does not arise. Such an implicit scheme might in the future provide
an alternative to the GEM algorithm for df particle simulation.
The GEM algorithm is explicit. Its eﬃcacy in increasing the time step has only been demonstrated numerically, and is not well understood. A prominent feature of the split-weight scheme is the extra ﬁeld equation for
_ While in the continuum limit, i.e. with vanishing grid size and
the rate of change of the electric potential, /.
time step, and inﬁnite number of particles, solving both the quasi-neutrality condition and the equation for /_
is redundant, the two equations are not consistent on the grid scale, due to the use of ﬁnite grid sizes. In this
paper, we show that the key to the eﬃcacy of the split-weight scheme is this inconsistency, which tends to suppress grid-scale numerical instabilities.
The rest of the paper is organized as follows. In Section 2, the extension to general equilibrium conﬁguration in GEM is described. The split-weight scheme as used in GEM is analyzed in Section 3. Discretization and
solution method for the ﬁeld equations are described in Section 4. Examples of simulations in general geometry are given in Section 5. Concluding remarks are given in Section 6.
2. Representation of general equilibrium
In this section, we present details of how equilibrium quantities, such as the q-proﬁle, the Jacobian, etc., are
speciﬁed and represented in the simulations. The complete set of equations to be solved consists of the electron
and ion gyrokinetic equations, the quasi-neutrality condition for the electric potential /, the Ampere’s equa_ as required by the split-weight
tion for the vector potential Ai, and the equation for the rate of change of /, /,
scheme. We refer the readers to Ref. [1] for details regarding the split-weight scheme. Only those parts of the
simulation that are modiﬁed by general geometry will be discussed here.
The equilibrium magnetic ﬁeld in a axisymmetric toroidal plasma is given by
B ¼ Bt þ Bp ¼

f ðWÞ ^
f þ rf  rW:
R

ð1Þ

Here W(R, Z) is the poloidal ﬂux function, f(W) is an arbitrary ﬂux function, Bt the toroidal ﬁeld, Bp the
poloidal ﬁeld, (R, Z, f) are a set of right-handed cylindrical coordinates with R the major radius. These
are related to the generalized toroidal coordinates (r, h, f) through R = R(r, h) and Z = Z(r, h). Here r is a
radius-like coordinate which is also a ﬂux label, W = W(r), and h is a ‘‘poloidal angle’’ with periodicity
2p. Equilibrium is more conveniently speciﬁed by the safety factor q(r) instead of W(r). By deﬁnition,
dW = 2pRBp dq(l) where l is the poloidal arc length along the magnetic surface W and dq(l) is the normal
distance between the magnetic surfaces W and W + dW, which depends on the poloidal angle hence l. The
toroidal ﬂux through the annulus dW is
I
I
f
f
dl
dv ¼ dqðlÞ dl ¼ dW
;
ð2Þ
R
2p
R2 Bp
hence
f
qðWÞ ¼ dv=dW ¼
2p

I

dl
:
R2 B p

ð3Þ
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The line element dl is related to dh through dl = dhj$Wj/j$W · $hj, therefore
I
f
¼ 2p:
dh
RqjrW  rhj

841

ð4Þ

Once the ﬂux surface shape R(r, h) and Z(r, h) and the q-proﬁle is given, Eq. (4) can be used to deﬁne W(r). The
poloidal ﬁeld Bp is then computed from Eq. (1). A general equilibrium can only be represented numerically,
e.g. Bp can be represented by a two-dimensional numerical table. In this paper the Miller equilibrium are used
to generate those numerical tables. The ﬂux surfaces for the Miller model are given by [9]
R ¼ R0 ðrÞ þ r cosðh þ arcsin dðrÞÞ sin h;
Z ¼ jðrÞr sin h:

ð5Þ
ð6Þ

The Miller equilibrium model is a local equilibrium model, which satisﬁes the Grad–Shafronov equation. Given the shape of a ﬂux surface and other local parameters (such as the safety factor q, elongation and triangularity, etc.) the Miller model also provides a complete speciﬁcation for the local magnetic ﬁeld, which
determines the drift motion locally. Thus the ﬂux function f(W) in Eq. (1) is locally determined from the given
ﬂux-surface shape and local parameters [9]. In a global simulation the global model for the ﬂux-surface shape,
Eqs. (5) and (6), with arbitrary radial dependence of R0, j and d, cannot be made to satisfy the Grad–Shafronov equation. We therefore only use Eqs. (5) and (6) to specify the ﬂux surface shapes, and adopt the view that
the ﬂux function f(W) is to be speciﬁed separately, e.g. from experimental data on the toroidal magnetic ﬁeld
strength. In GEM the main code only assumes a given general toroidal coordinates (r, h, f) and equilibrium
quantities such as B, q deﬁned on (r, h) grids. Deﬁning the mapping (X, Z) ! (r, h) and computing the equilibrium quantities are done in an ‘‘equilibrium module’’. Unnecessary assumption on the equilibrium conﬁguration is avoided by this encapsulation of the equilibrium.
2.1. Normalization
We consider a toroidal plasma with an on-axis magnetic ﬁeld strength of B0, ion temperature T0i, electron temperature T0e and ion number density n0 at the center of the simulation domain. B0 is used as unit
for measuring magnetic ﬁeld strength and n0 for number density. We assume ions are singly charged. The
ion mass and electron mass are
in units of the proton mass, mp, and are denoted by mi and me.
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pmeasured
Deﬁning mp v2u ¼ T 0i and xu ¼ mp T 0i =eB0 , vu is used as the unit for velocity, xu the unit for length, and
time is measured in unit of tu = mp/eB0. Finally, we deﬁne mi v2T i ¼ 1 and me v2T e ¼ T 0e =T 0i ¼ 1=s, so that electric potential /, vector potential Ai and electric current are measured in units of T0i/e, T0i/evu and en0vu,
respectively.
2.2. Equation of motion in the ﬁeld-line-following coordinates
The ﬁeld-line-following coordinates are deﬁned in terms of the toroidal coordinates:
x ¼ r  r0 ;
Z h

r0
dh^
qðr; hÞ  f ;
y¼
q0
0

ð7Þ

z ¼ q0 Rmaj h;

ð9Þ

ð8Þ

Brf
here r0 is a reference radius, q0 = q(r0), Rmaj is the major radius of the magnetic axis. q^ðr; hÞ ¼ Brh
. The coordinates (x, y) are chosen such that B Æ $x = B Æ $y = 0. With this choice of y coordinate the toroidal boundary
condition is the same as in the ﬂux-tube case [10], i.e. the h value jumps by 2p in Eq. (8) and the jump in y is
computed accordingly.
Equation of motion is obtained from x_ ¼ VG  rx, etc., where VG ¼ vk ~b þ vD þ vE is the guiding-center
2
2
~ ¼ b þ hdB? i, vD ¼ mðvk þv3? =2Þ B  rB is the drift velocity, vE = ÆEæ · b/B. Æ    æ stands for
velocity. Here b
B
qB
gyro-averaging. For clarity, we will suppress the species index. The guiding center motion is given by,
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eB f oB
jrr  rhj;
B2 R oh


f
oy oB
oB
vD  ry  eB jrr  rhj 
þ ^s
;
R
or oh
or
vk q0 Rmaj 0
W ðrÞjrr  rhj;
vk b  rz ¼
BR
hEy i f
jrr  rhj;
vE  rx ¼ ^s 2
B R
hEx i f
vE  ry ¼ ^s 2
jrr  rhj;
B R
vE  rz  0;

vD  rx ¼ 

ð10Þ
ð11Þ
ð12Þ
ð13Þ
ð14Þ
ð15Þ

, Ey ¼  o/
and Ez ¼  o/
. Expressions for the ﬁeld line
q, Ex ¼  o/
with eB ¼ mðv2k þ v2? =2Þ=qB, ^sðr; hÞ ¼ qr0 ^
ox
oy
oz
0
bending term, vidB^/B, can be obtained using the vector potential Ai similar to vE. The mirror force is given
by
v_ k ¼ 

l
l
oB
b  rB ¼ 
W0 ðrÞ jrr  rhj:
m
mRB
oh

ð16Þ

Quantities such as oy
, oB, oB and j$r · $hj are all computed and saved as numerical tables.
or or oh
Gyro-averaging for the perturbed quantities ÆExæ, etc., is done using the four-point averaging scheme [11].
The location of the four points, r(x + Dxl, y + Dyl), l = (1, 2, 3, 4), are obtained from
rðx þ Dxl ; y þ Dy l Þ  rðx; yÞ 

or
or
Dxl þ Dy l ¼ ql :
ox
oy

ð17Þ

Here ql is the vector leading from the guiding center to the particle position on its gyro-ring. Setting q1 ¼ q^r,
q2 ¼ q^r, q3 ¼ qb  ^r and q4 ¼ qb  ^r, with ^r ¼ rr=jrrj, one obtains,
Dx1 ¼ qjrrj;

ð18Þ

Dy 1 ¼ qrx  ry=jrrj;

ð19Þ

Dx2 ¼ Dx1 ;

ð20Þ

Dy 2 ¼ Dy 1 ;

ð21Þ

Dx3 ¼ 0;

ð22Þ



q
f
r 0 W0
2
^s jrr  rhj þ
jrrj ;
Dy 3 ¼
Bjrrj R
q 0 R2

ð23Þ

Dx4 ¼ 0;

ð24Þ

Dy 4 ¼ Dy 3 :

ð25Þ

2.3. Modiﬁcation due to the Jacobian
The simulation domain is given by (0, Lx) · (0, Ly) · (0, Lz) with Lz = 2pq0Rmaj, which is divided into
Nx · Ny · Nz equally sized cells in (x, y, z) coordinates. For a strongly shaped plasma the jacobian
J ¼ ðrx  ry  rzÞ

1

ð26Þ

can be signiﬁcantly diﬀerent from unity. Marker particles are typically loaded according to the physical equilibrium distribution, which, in this paper, is assumed to be Maxwellian. It is clear then that the markers can be
strongly nonuniform in (x, y, z) space. Since the perturbed density and current on a grid indexed (i, j, k) are
computed by summing over particles nearby grid (i, j, k), the nonuniformity of markers at diﬀerent grid points
should be accounted for. More precisely, for any Y among ð1; vk ; x_ ; y_ ; z_ Þ,
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Z

Y f~ dv 

N X 1
wj Y j Sðx  xj Þ:
V j DV j

843

ð27Þ

P
Here wj is the particle weight, DVj = J(xj)DxDyDz, V ¼ grids DV is the total volume. N is the total number of
marker particles of the species. S(x  xj) = S1D(x/Dx)S1D(y/Dy)S1D(z/Dz) is the particle shape function with

1  jxj for jxj 6 1;
S 1D ðxÞ ¼
ð28Þ
0
for jxj > 1:
The perturbed density is obtained with Y = 1, parallel current with Y ¼ vk . Moments of the distribution with
_
Y ¼ ð_x; y_ ; z_ Þ are needed to compute the rate of change of the charge density in the equation for /.
2.4. Equilibrium ﬂow
The presence of equilibrium ﬂow of large magnitude and large gradients (V  vTi, LE  qhi where LE is the
scale length of the equilibrium electric ﬁeld and qhi is the poloidal gyro-radius) generally requires extension to
the gyrokinetic formalism commonly used in simulations [12]. Here we consider only ﬂows of subsonic magnitude (vTi) with longer scale length (a). The dominant eﬀects of such sheared ﬂows can be accounted for
without substantial modiﬁcation of the equations. Consider an equilibrium electric potential U0(r), of the same
order as /. The E · B motion due to U0 is implemented as an additional term in Eq. (14). More care is needed
to derive the particle weight equation. In the presence of U0 the equilibrium distribution depends on mv2/
2 + qU0, hence in the pi formulation of the df method (pi = vi + (q/m)Ai) we choose the zero-order distribution
to be f0(e, l, x), with e ¼ 12 mðv2? þ p2k Þ þ qU0 . f0 satisﬁes the equilibrium kinetic equation, written in terms of
pi,
ðpk b þ vD þ vE0 Þ  rf0 ¼ 0:

ð29Þ

The gradient operator acts on f0 with e and l ﬁxed. The perturbed distribution df = f  f0 evolves according to


_ ¼  vE þ vk hdB? i  rf0  e_ of0 :
ð30Þ
df
B
oe
Noticing that part of the equilibrium density gradient is implicit in U0(r), we make a change of variable from e
to the particle kinetic energy ep ¼ 12 mðv2? þ p2k Þ. This gives






hdB? i
hdB? i
of0
_
df ¼  vE þ vk
;
ð31Þ
 rf0  e_  q vE þ vk
 rU0
B
B
oep
where the gradient operator acts with ep ﬁxed. The ﬁrst term on the right-hand-side (r.h.s.) gives the conventional x* term with isotropic f0 and U0 = 0. The coeﬃcient of of0/oep can be easily evaluated,


hdB? i
ð32Þ
 rU0 ¼ qðvk b þ vD Þ  r/ þ qvk ðvk b þ vD Þ  rAk þ qp_ k Ak :
e_ p  e_  q vE þ vk
B
And df evolves according to


e_ p
hdB? i
_
df ¼ vE þ vk
 jf0 þ f0
B
T

ð33Þ

with j = $f0/f0. Notice that e_ p is not the rate of change of ep along the particle trajectory. The latter includes
an additional term qvD Æ $U0. At this point f0 can be taken as a simple Maxwellian with density n0(r) and
temperature T(r). In this paper we keep only the E · B nonlinearity and the ﬁeld line bending nonlinearity,
so that nonlinear terms in the particle weight equation are neglected. Thus we keep only the mirror force,
Eq. (16), in p_ k , and vi in the above expression can be replaced with pi. We also neglect the parallel nonlinearity
term in the gyrokinetic equation (_vk odf =ovk ), to ensure that the marker distribution in the velocity space remain close to the assumed form (usually a Maxwellian distribution) at all times. This is required for the df
method to be valid. However, the marker distribution can in principle deviate from the assumed distribution
if particles are subject to parallel acceleration. This is particularly worrisome for electrons because of the small
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electron mass. To accurately study the eﬀect of parallel nonlinearity in the long term it is necessary to monitor
the marker distribution and develop procedures (such as a proper collision operator) to ensure the assumed
form for the marker distribution. Because we do not have such a capability yet, the parallel nonlinearity is
simply neglected in this paper.
Equilibrium parallel ﬂow of small magnitude (Vi  vTi), which is important in the core of tokamaks, can be
accounted for by choosing the appropriate l dependence of f0.
3. The split-weight scheme
The split-weight scheme is a technique to handle the fast electron parallel motion. It is so named because
the electron distribution dfe is split as
of0e
dfe ¼ eg /
þ h;
ð34Þ
oep
where eg a free parameter. Only the distribution h is represented by the particle weights and simulated. A complete understanding of the split-weight scheme is lacking. The original argument [13] for adopting the splitweight scheme is that, with eg = 1, the ﬁrst term in Eq. (34) catches the adiabatic response of the electrons,
which well approximates the electron response in the limit x/kivTe  1. Since the dominant eﬀect of the fast
streaming is analytically represented, larger time steps should be possible for the simulation of h. As previously
pointed out [3], this argument is only partially relevant. Firstly, trapped electrons are far from being adiabatic
in a tokamak. Secondly, one does not have to choose eg = 1 to achieve enhancement of time steps, even for the
problem of electrostatic ITG in a shearless slab where adiabatic electron response is a good approximation. In
practice we often use eg = 0.1. It is not clear at all why such a small eg should dramatically increase the numerical stability. Thirdly, with magnetic ﬂuctuations the adiabatic response is proportional to (/  viAi), but the
scheme for splitting the distribution, Eq. (34), need not be modiﬁed.
The following discussion is an attempt to ﬁnd the crucial steps in the split-weight scheme that lead to better
numerical stability. While ﬁnding out these steps does not by itself constitute a proof of numerical stability, we
hope the information will be useful for future analysis of the split-weight scheme.
The discretization of the equation for /_ ¼ o/=ot is previously obtained from the continuity form of the gyrokinetic equation [3]. This approach, while leading to the correct form of the ﬁnal scheme used in GEM, does
not show where alternative schemes can arise. In this section, we present a derivation of the numerical scheme,
and in doing so indicate where diﬀerence arises between the ways grid-scale numerical modes are treated differently in the split-weight scheme and conventional df method. A prominent feature of the split-weight
_ is solved, in addition to the quasi-neutrality condition
scheme is that a ﬁeld equation for the quantity /,
for /. While on the scale of interest the algorithm is carefully constructed so that the two equations for /
and /_ are redundant, on the grid scale the two equations are incompatible, also by construction. Numerical
instabilities that arise due to parallel electron motion have short parallel wavelengths, hence are more sensitive
to such grid-scale incompatibility. The equation for /_ has been previously derived from the quasi-neutrality
condition prior to its discretization, which, while strictly correct, does not show explicitly how a diﬀerent treatment of the grid-scale modes arises. It is instructive then to derive the /_ equation directly from the discretized
Poisson equation.
The electron weight w = h/f0e evolves according to


dw
dB?
d/
¼  vE þ v k
:
ð35Þ
 j  e_ p þ eg
dt
dt
B
Here e_ p is given by Eq. (32),
d/ o/
o/
o/
o/ o/
¼
þ x_
þ y_
þ z_
¼
þ vG  r/:
dt
ot
ox
oy
oz
ot
The quasi-neutrality condition is
V X 1
V X 1
np þ e g s
/ðxj ; tÞSðx  xj Þ ¼ 
wj Sðx  xj Þ þ ion term:
N j DV j
N j DV j

ð36Þ

ð37Þ
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Here np is the ion polarization density, S(x) is the particle shape function used to deposit particle quantities on
the grids. This equation diﬀers from Eq. (10) of Ref. [1] in that the egs/ term is also discretized. Now an equation for /_ that is numerically compatible with Eqs. (35) and (37) can be derived by taking the time derivative
of Eq. (37) (with x ﬁxed). Assuming for the moment S is smooth,
!


V X 1
dB?
n_ p ¼
vE þ vk
 jj þ e_ pj Sðx  xj Þ
N j DV j
B j
V X 1
þ
ðwj þ eg s/ðxj ; tÞÞvGj  rSðx  xj Þ þ ion terms;
ð38Þ
N j DV j
P
S  /vG  rS and d/
¼ oto /ðxj ; tÞ þ vGj  oxo j /ðxj ; tÞ. In Eq. (38) n_ p ¼ k ð1  C0 ðbÞÞ
using dtd ð/Sðx  xj ÞÞ ¼ d/
dt
dt
/_ k expðik  xÞ. Notice that the gradient operator $ acts w.r.t. x and gradient w.r.t. particle position xj is written
as a fraction. The second term on the r.h.s. of Eq. (38) is ill-deﬁned if the nearest-grid-point scheme is used for
S. If no particles are exactly located at the middle of a grid cell in any dimension, this term is zero, otherwise it
is inﬁnity. For the case of linear interpolation, S(x  xj) is piece-wise linear and $S can be deﬁned also piecewise. Then Eq. (38) does yield a plausible scheme for gathering the source terms of the /_ equation. We have
indeed tested this scheme for the second term on the r.h.s. of Eq. (38), which causes numerical instabilities. Eq.
(38) diﬀers from the actual gathering scheme for the source terms of the /_ equation in the following three
aspects.
(a) Firstly, the second term on the r.h.s. is written as
X 1
V X 1
V
ðwj þ eg s/ðxj ; tÞÞvGj  rSðx  xj Þ ¼ r 
ðwj þ eg s/ðxj ; tÞÞvGj Sðx  xj Þ:
ð39Þ
N j DV j
N
DV j
j
This is allowed since the diﬀerential operators act in x space. To see the eﬀect of this procedure, we evaluate
both sides of Eq. (39) in the continuum limit. Since numerical instability is associated with only the parallel
motion, we consider only the z direction. Linear interpolation corresponds to
8
for jz  zj j=Dz 6 1; z 6 zj ;
>
< 1=Dz


o
z  zj
S 1D
ð40Þ
¼ 1=Dz for jz  zj j=Dz 6 1; z > zj ;
>
oz
Dz
:
0
for jz  zj j=Dz > 1:
To evaluate a discrete sum over particles in the large particle number limit we need the following prescription
for converting a velocity moment of f0 to discrete sum and vice versa:
Z
V X 1
ð  Þf0 dv ¼
ð   Þj Sðx  xj Þ:
ð41Þ
N j DV j
Then, for any Fourier component /(zj) = /k exp(ikzj) and wj = h(pij) exp(ikzj), we have
Z
V X 1
oS
¼ ikeikz C 1 ðkDzÞ f0 ðpk Þðh þ eg s/k Þ dpk ;
ðwj þ eg s/ðzj ÞÞpk
N j DV j
oz
C 1 ðxÞ ¼
and

1
ð2  2 cos xÞ;
x2

Z
V o X 1
ðwj þ eg s/ðzj ÞÞpk S ¼ ikeikz C 2 ðkDzÞ f0 ðpk Þðh þ eg s/k Þ dpk ;
N oz j DV j
C 2 ðxÞ ¼

1
ð2 sin x  sinð2xÞÞ:
x3

ð42Þ
ð43Þ

ð44Þ
ð45Þ

In Eq. (44) a spatially centered, 2-point, ﬁnite diﬀerence scheme is assumed for o/oz, i.e. of/oz =
(f(z + Dz)  f(z  Dz))/(2Dz). We ﬁrst notice that, an important conclusion regarding the split-weight scheme
can be immediately drawn. Since C2 is purely real, no numerical dissipation is introduced by using Eq. (39).
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An example of numerical scheme for the left-hand-side (l.h.s.) of Eq. (44) with numerical dissipation is to use a
dissipative diﬀerence scheme for o/oz, in which case C2 has an imaginary part. In Fig. 1 are plotted the coefﬁcients C1 and C2. For waves of physical interest with kDz  1 C2  1, hence o/oz ! ik from Eq. (44) as is
required. On the other hand, for grid-scale waves with kDz  1, C2  C1, in particular, at the shortest scale
kDz = p, C2 = 0.
(b) Secondly, terms that vanish in the limit of inﬁnite particle number are dropped. These include the pidB^
term and the /pib Æ $S term in Eq. (38), due to the fact that the marker particle distribution is even in pk . Noise
from ﬁnite number of particles is thus reduced.
(c) Finally, there is another change associated with the magnetic perturbations. Recall Eq. (32), the e_ p term
in Eq. (38) contributes the following expression proportional to Ai,


V X 1
o
e
p ðp b þ vD Þj 
Ak ðxj Þ þ p_ kj Ak ðxj Þ Sðx  xj Þ:
ð46Þ
N j DV j kj k
oxj
On the other hand, the continuum form of this contribution is obtained by directly integrating the corresponding terms in Eq. (33), i.e.
Z


1
dl dpk pk ðpk b þ vD Þ  rAk þ p_ k Ak ðf0 J 0 Þ;
e
ð47Þ
Te
where J 0 is the Jacobian for the velocity space transformation, 2pv^dv^dpi = J 0 dldpi = (2pB/m)dldpi. The
equilibrium motion satisﬁes the incompressibility condition,


r  J 0 ðpk b þ vD Þ ¼ 0;
ð48Þ
here the gradient is taken with l and pi ﬁxed. Using Eqs. (48), (47) can be cast into the following form,
Z
Z
1
e
e r  dl dpk pk ðpk b þ vD ÞAk ðf0 J 0 Þ ¼  r  dl dpk p2k Ak ðf0 J 0 Þb
Te
Te
X 1
e V
r
p2kj Ak ðxj ÞSðx  xj Þb;
ð49Þ
¼
Te N
DV
j
j
where the third line follows from discretization. Numerically we have observed that using Eq. (46) leads to
numerical instability even for moderate b, while using Eq. (49) does not.

Fig. 1. The coeﬃcients C1 and C2, showing large diﬀerence at the grid-scale.
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The discretization schemes Eqs. (39) and (49) are naturally obtained if one starts with the continuity form
of the gyrokinetic equation [3]. What we have shown in this Section is how these schemes diﬀer from that
strictly compatible with the Poisson equation at the grid scales. While revealing this diﬀerence between the
conventional df method and the split-weight scheme says nothing about the stability of the grid-scale modes
in either scheme, such incompatibility apparently causes the split-weight scheme to be more stable numerically, as is indicated above. We also observed that only a small split-weight parameter, eg  1, is needed
for much improved numerical stability. This fact can be understood as follows. Without the split-weight
scheme numerical instabilities with large ki and small k^ ﬁrst develop as the time step is increased. Heuristically if eg  k 2? q2i is used in the split-weight scheme, then the split-weight term in the quasi-neutrality condition
(the second term in Eq. (37)) is comparable to the polarization term, and the numerically unstable Fourier
component is strongly aﬀected by enforcing the o//ot equation, which is incompatible with the quasi-neutrality condition for large ki components. Thus with a box size with a fundamental mode of k^qi = 0.1, a splitweight parameter of eg = 0.05 enhances the time step by several times, to a practically acceptable level,
xciDt = 2.
4. Discretization of the ﬁeld equations
In Ref. [1] the ﬁeld equations are solved using fast Fourier transform (FFT), assuming periodic boundary
conditions in x and y. This is only suitable for a local, ﬂux-tube simulation. Discretization of the ﬁeld equations for radially global simulations, and parallelization schemes (domain decomposition), are presented in
this section.
4.1. Ampere’s equation
The Ampere’s equation is
r2? Ak þ bi F^ Ak ¼ bi jk ;

ð50Þ

with
X 1
p2 Ak ðxj ÞSðx  xj Þ;
DV j kj
j
X
Ak ðxj Þ ¼
Ak;lmn Sðxlmn  xj Þ:

V
F^ Ak 
N

ð51Þ
ð52Þ

l;m;n

In Eq. (52) the subscript (l, m, n) is the spatial grid index. A suitable discretization for the diﬀerential operator
r2? in Eq. (50) is understood, so that Eq. (50) can be viewed as a set of algebraic equations for the quantities
Ai,lmn. Let g = (l, m, n),
X
V X 1 2 XX
Ak;g ðF^ Ak Þg ¼
p
Ak;g Ak;g0 Sðxg  xj ÞSðxg0  xj Þ
N j DV j kj g g0
g
!2
V X 1 2 X
p
Ak;g Sðxg  xj Þ :
ð53Þ
¼
N j DV j kj g
Hence the operator F^ is positive deﬁnite and Eq. (50) is well posed. Unlike the operator r2? , which is a differential operator only in the (x, y)-plane, the operator F^ brings in the values of Ai at neighboring z grids.
Moreover, F^ is dependent on the electron coordinates, so the inverse of r2? þ bi F^ need be constructed at
each time step if a direct solver is pursued. In Ref. [1] the following iterative scheme is used,




mp kþ1
mp k ^ k
r2? þ bi
Ak  F Ak :
A k ¼ b j j k þ bi
ð54Þ
me
me
Some insight into the convergence property of the iterative scheme can be obtained in a shearless-slab. In Fourier space (k^, ki),
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ðAkþ1
 Akk Þk? ;kk ¼
k

bi



mp
me

 F^ ðk ? ; k k Þ
m

k 2? þ bi mpe


ðAkk  Ak1
k Þk ? ;k k :

ð55Þ

Assuming uniform Maxwellian distribution for the particles, F^ ðk k ; k k Þ can be computed from Eq. (51) to be




mp 1
2 1
2 1
2
^
cosðk x DxÞ þ
cosðk y DyÞ þ
cosðk k DzÞ þ :
F ðk x ; k y ; k k Þ ¼
ð56Þ
3 3
3 3
3
me 3
Thus for modes with kxDx  1, kyDy  1, kiDz  1, the iterative scheme Eq. (54) converges rapidly. The
mode with kxDx = p, kyDy = p and kiDz = p converges slowly, with a convergence rate of 8bimp/9me(2p2 +
bimp/me). However, accurate solution on the grid scale is not important, since grid-scale ﬂuctuations are dominated by noise.
To discretize the operator r2? we Fourier transform in y, then discretize in x pseudo-spectrally. In the coordinates (x, y, z) the operator r2? is given by
r2? Ak ¼

o 2 Ak
o 2 Ak
o 2 Ak
2
2
rx

ry
þ
jrxj
þ
2
jryj :
ox2
oxoy
oy 2

ð57Þ

For radially global simulations we set / and Ai to zero at the radial boundaries. Suppressing the z dependence,
Ai can be expanded as


N
x 1
X
X
X
mp
Ak;ky ðxÞ expðik y yÞ ¼
expðik y yÞ
bðm; k y Þ sin
x ;
ð58Þ
Ak ðx; yÞ ¼
Lx
ky
ky
m¼1


x 1
2 NX
jmp
bðm; k y Þ ¼
Ak;ky ðxj Þ sin
:
ð59Þ
N x j¼1
Nx
Substitute Eq. (59) into Eq. (58), evaluate r2? Ak at (xl, y), one obtains
ðr2? Ak Þðxl ; yÞ ¼

X

expðik y yÞ

ky

N
x 1
X

Mðl; j; k y ; zÞAk;ky ðxj Þ;

ð60Þ

j¼1

where the complex matrix elements M(l, j, ky, z) is given by
!
 2




x 1
2 NX
mp
jmp
lmp
2
2 2
Mðl; j; k y ; zÞ ¼ 
jrxj þ jryj k y sin
sin
N x m¼1
Lx
Nx
Nx




x 1
2 NX
mp
jmp
lmp
2ik y ðrx  ryÞ
sin

cos
;
N x m¼1
Lx
Nx
Nx

ð61Þ

where j$xj, j$yj and $x Æ $y are evaluated at (xl, z). The matrix M thus constructed is in general dense. The
m
matrix to be inverted in Eq. (54) is M þ bi mpe I, which is inverted using the L–U decomposition routines provided by LAPACK. This decomposition need be constructed only once.
In general we also apply a digital ﬁltering step along the ﬁeld line after the ﬁeld equations are solved. In the
case of the Ampere’s equation it is important to perform this ﬁltering step after the iterative steps are completed. The point is to apply the same ﬁltering to the ﬁrst and last term on the r.h.s. of Eq. (54) and the same
ﬁltering to the (mp/me)Ai term on both sides. This is not the case if ﬁltering is applied only to Ai at the end of
each iteration.
4.2. The quasi-neutrality condition
The quasi-neutrality condition is
V X 1
np ðx; yÞ þ eg s
/ðxj ; tÞSðx  xj Þ ¼ dni  dne :
N j DV j

ð62Þ
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P
Here np ¼ k? qnT i0 ð1  C0 ðbÞÞ/k? expðik x x þ k y yÞ is the ion polarization density. The second term on the l.f.s.
can be treated iteratively similar to the Ampere’s equation. However, we found that doing so is not necessary.
Replacing the term with egs/ leads to no noticeable diﬀerence in linear simulations. Following Candy and
Waltz [6], the ﬁrst term can be discretized pseudo-spectrally. Let


mp
/ðx; yÞ ¼
expðik y yÞ
bðm; k y Þ sin
x ;
Lx
ky
m¼1


x 1
2 NX
imp
bðm; k y Þ ¼
/ ðxi Þ sin
N x i¼0 ky
Nx
X

N
x 1
X

ð63Þ
ð64Þ

then the polarization term is given by
N
x 1
X
qn0 X
expðik y yÞ
M p ði; j; k y ; zÞ/ky ðxj Þ;
T i ky
j¼1


x 1
1 NX
jmp
M p ði; j; k y ; zÞ ¼
sin
ðð1  C0 ðbþ ÞÞ expðik þ xi Þ  ð1  C0 ðb ÞÞ expðik  xi ÞÞ:
iN x m¼1
Nx

 np ðxi ; yÞ ¼

ð65Þ
ð66Þ

In these expressions b± is given by
b ¼

vT i ðxi Þ 2
2
2
ðk jrxj þ 2k k y rx  ry þ k 2y jryj Þ;
Xi ðxi ; zÞ

ð67Þ

with k± = ±mp/Lx. The eﬀects of variation of temperature and equilibrium magnetic ﬁeld is included in this
expression. As before, $x, $y are evaluated at (xi, z).
4.3. Domain decomposition
The z direction is divided into Nz grids of equal size. These grids are used for the primary domain decomposition. Particles in each z-grid are distributed among Ns processors, so that total number of processors is
NzNs. For Ny grids in the y direction, at each z there are Ny Fourier components of the electric potential /,
/j(x, z) for ky(j) = (j  Ny/2)2p/Ly, j = 0, 1, . . . , Ny  1. The calculation of these components are equally distributed among the Ns processors.
Due to particle free streaming along the ﬁeld line, marker particles distribute uniformly along the ﬁeld line
in real space, which means there are more particles per poloidal angle at h = 0 than at h = p. For a tokamak
with Rmaj/a  3, this amounts to almost a factor of two diﬀerence between the number of particles in a h = 0
processor and that in a h = p processor. This problem can be solved by choosing the domain size in z to be
dependent on z and nonuniform grid size in z. Alternatively, we can redeﬁne the z coordinate such that equalsized domains in the new coordinate have equal number of particles.
Assuming particles are loaded uniform in space, the number of marker particles in (h, h + Dh) is proportional to
Z r2
JðhÞ ¼
J ðr; hÞ dr;
ð68Þ
r1

where r1 and r2 are the inner and outer boundaries of the simulation domain. This number depends on h for
ﬁxed Dh, or ﬁxed Dz = q0RmajDh. We can deﬁne z 0 (h) so that the number of particles in (z 0 , z 0 + Dz 0 ) is independent of h. This is accomplished by choosing
JðhÞ
dz0
:
ð69Þ
¼ 2p0 Rmaj H 
dh
J ðhÞ dh
This choice of z 0 also makes the parallel box size invariant, z 0 (h = p)  z 0 (h = p) = 2pq0Rmaj.
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5. Examples of numerical simulation
The GEM code has been extended to include general tokamak equilibrium geometry, arbitrary density and
temperature proﬁles, and arbitrary number of minority ion species. In this section some examples of GEM
simulation are presented. All simulations are with mp/me = 1837 and mi/mp = 1.
5.1. Eﬀect of ﬂux surface shape on the linear growth rate
The eﬀect of ﬂux surface shape on ITG mode growth rate has been studied using local, ballooning formalism [14,15]. Growth rate is found to decrease with increasing elongation. Here we present simulation results
which show similar eﬀects of elongation on the growth rate. This serves as a benchmark for the implementation of general geometry in GEM. Since GEM is global in radius, care must be taken to avoid density and
temperature proﬁle eﬀect on the mode, when comparing GEM simulation with local analysis. In the following
i
we ﬁrst set jn ¼  1n dn
¼ 0:0039 and jT ¼  T1i dT
¼ 0:0117, and then set n(r) = n0, Ti(r) = Te(r) = T0. The
dr
dr
elongation and triangularity proﬁles are given by
jðrÞ ¼ j0 þ j0 ðr  r0 Þ;
dðrÞ ¼ d0 þ d0 ðr  r0 Þ:

ð70Þ
ð71Þ

The safety factor is given by a linear proﬁle
qðrÞ ¼ q0 þ q0 ðr  r0 Þ:

ð72Þ

0

With q0 = 2, q = 0.01557, a = 256.92, r0 = 128.46 thus ^s ¼ 1 at r0, Rmaj = 770.76, Other parameters are:
R00 ðrÞ ¼ 0, bi = 0, mei = 0. These parameters are chosen so that the local parameters at r = r0 match the case
studied by Waltz and Miller [15]. The function f in Eq. (1) is given by
f ðrÞ ¼ Rmaj þ f 0 ðr  r0 Þ;

ð73Þ

so that on the reference surface r0 the toroidal ﬁeld is given by Rmaj/R. This amounts to choosing the toroidal
ﬁeld at R = Rmaj on the reference ﬂux surface r0 as the unit for the magnetic ﬁeld. Simple linear proﬁles are
used in Eqs. (70)–(73) because proﬁle eﬀect is to be avoided, and the radial domain size Lx is to be chosen so
that j, d and q do not deviate signiﬁcantly from values at r0. On the other hand, Lx should be large enough to
avoid boundary eﬀects. For linear simulations in this paper we choose Lx = 49qi. We have veriﬁed that choosing Lx = 35qi does not cause signiﬁcant change in the results. Once q 0 (r0) and W(r0) are known (Eq. (4)), f 0 is
determined in the Miller equilibrium model, through [9]


I
dq f 0
f
1
2 2 sin u
ff 0
Rs 0
¼ qþ

þ
þ
b
p
dl:
ð74Þ
i
dW f
2p
Rs
Rs Bps
Bps
R3s B2ps Rc
Here Rs(l) and Zs(l) are a parameterization of the ﬂux surface at r0, with l the poloidal arc length. The angle u
and radius of curvature Rc are deﬁned through dRs/dl = cosu, dZs/dl = sin u and du/dl = 1/Rc. Note that f 0 is
constant on the r0 surface, hence Eq. (74) can be easily solved numerically.
Waltz and Miller (WM) studied the eﬀect of shaping on the kyqs = 0.4 mode, with qs = cs/(eBunit/mi) and
Bunit = q0W 0 (r0)/r0. The quantity Bunit is roughly proportional to j, therefore the mode number kyqi varies as j
and d are changed, while kyqs is ﬁxed. For concentric elliptic surfaces qi  jqs.
Figs. 2–4 show the simulations results. The dotted lines in Figs. 2 and 4 are estimated from Fig. 3(b) and (c)
of Ref. [15]. GEM data show similar eﬀects of elongation (square points in Fig. 2), in reasonable agreement
with the WM data. The eﬀect of elongation with ﬁxed kyqi, i.e. ﬁxed toroidal mode number n = kyr0/q, is
shown in Fig. 3. The strong stabilization eﬀect of elongation observed is in agreement with previous studies
[16,14]. Notice that at large j the unstable spectrum shifts toward high ky. This feature can be understood
as a Finite–Larmor–Radius (FLR) eﬀect. The perpendicular wave number is given by
2

2

k 2? ¼ k 2x jrxj þ k 2y jryj þ k x k y rx  ry:

ð75Þ
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Fig. 2. Linear growth rate vs. elongation for ﬁxed kyqs = 0.4, compared with Waltz–Miller results.

Fig. 3. Linear growth rates vs. elongation for ﬁxed kyqi.

Fig. 4. Linear growth rates vs. triangularity.

For a ballooning mode with the ballooning angle h0 = 0, kx = 0 at h = 0, hence k ?  k y jryj  qr0 q^ðr; 0Þrh.
0
The elongation reduces k^ near h = 0 through reducing $h, a geometrical eﬀect. Finite–Larmor–Radius stabilization is therefore reduced.
Fig. 4 shows the eﬀect of triangularity on the kyqs = 0.4 mode. GEM results (square points) are again in
reasonable agreement with the WM data, showing a strong eﬀect of triangularity. However, the results for
the kyqi = 0.4 mode show weaker eﬀect of triangularity. For ﬁxed kyqs = 0.4 GEM simulations show contin-
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uous increase in c as d increases, while the WM data show a decrease at large d. Because the radial dependence
of j(r) (d(r)) is chosen such that j 0 (d 0 ) is proportional to j0 (d0), proﬁle eﬀect becomes more important at large
j (d). We also note that with the above speciﬁcation for the surface shapes, singularity occurs in $r and Bp(r, h)
at large d (d > 0.8). Due to these reasons, comparison between GEM simulation and the local, ballooning calculations becomes more inconclusive at large d. However, this does not seem to explain the discrepancy
between GEM data and the WM data at d = 0.6, since choosing Lx = 35qi yields the same growth rate for
d0 = 0.6 as choosing Lx = 50qi in GEM simulations.
5.2. Nonlinear electromagnetic simulation
Here we present examples of nonlinear simulations, and brieﬂy assess the issue of whether noise aﬀects the
nonlinear stage in the simulation model presented here. The density proﬁle is assumed to be linear with
qi/Ln = 0.0021. The temperature proﬁle is


T ðsÞ
aDs
s  s0
¼ exp 
tanh
;
ð76Þ
T ðs0 Þ
LT
Ds
with s = r/a, a = 256.92qi, LT = 150qi, s0 = 0.5, Ds = 0.6. The q-proﬁle is given by
qðsÞ ¼ 1 þ 0:43236s2 þ 2:33528s3 :

ð77Þ

We also assume f(W) = Rmaj in Eq. (1), and take B = BT. As discussed in Section 1, these equilibrium quantities are deﬁned numerically in an equilibrium module. Simple forms are assumed here for the purpose of
illustrating some numerical properties of nonlinear simulations. The magnetic surface shape is given by d =
0.2, j = 1.3, R00 ¼ 0:1. Other parameters are: b = 0.012, Lx = 90qi, Ly = 64qi, (Nx, Ny, Nz) = (128, 64, 32),
xciDt = 2, mei = 104. The split-weight parameter is eg = 0.1. A convergence test with respect to particle number is carried out, with 32, 64 and 128 number of particles per spatial cell per species. The evolution of ion heat
diﬀusivity (which is essentially the total ﬂux in the entire simulation domain, normalized with the parameter
LT and Ln) for the three simulations is shown in Fig. 5. The case with 64/cell is virtually identical with the 128/
cell case for tvTi/a < 150. We note that no attempt is made to adjust the temperature and density proﬁles used
in the equilibrium distribution of the df method, therefore density and temperature relaxation occurs in the
long-term, which is a possible explanation for the long time slow decrease in the ion heat ﬂux. Nevins
et al. [17] recently suggests that discrete particle noise in df particle simulations could accumulate in time
and eventually lead to the suppression of turbulence. To assess whether particle noise plays an important role

Fig. 5. Evolution of ion heat ﬂux for three simulations with diﬀerent number of particles.
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in the later stages of these simulations, an estimate of the noise induced ion heat diﬀusivity is needed. Since the
noise is dominated by high frequency, short wave length component, the noise induced ﬂux can be observed by
randomizing the particle y coordinates (while keeping all other information in the simulation) and observe the
ﬂuxes on a time scale shorter than the ITG growth time. We have carried out such tests for the case here but
with Ny = 32, 32 particles/cell, and veriﬁed that the noise induced ﬂuxes are proportional to the square of the
mean magnitude of weights. Thus the noise induced ﬂux for the initial particle weights is just the observed ion
heat ﬂux during the initial stage of the simulation, xcit < 2000 (cmax/xci = 3.6 · 104), which is vnoise ð0ÞLn =
v2T i q2i  4  105 for an initial average weight of jwj = 0.005. A measure of the noise level in vi at later times
is given by vnoise(t) = vnoise(0)jwj2(t)/jwj2(0). Fig. 6 plots the evolution of the ion and electron average weights,
together with this measure of the noise in vi, based on the electron weight, which is larger than the ion weights
in later times. Near the end of the simulation, vTit/a > 300, vnoise Ln =vT i q2i < 0:003, very small compared with
the observed ﬂux vi Ln =vT i q2i  1. The electron heat ﬂux (only the case with 32/cell in Fig. 5 is shown in
Fig. 7) is 1/4 of the ion heat ﬂux, which is still over 50 times larger than the noise level. We therefore conclude that discrete particle noise plays little role in the simulation with 128 particles per cell, up until the end of
the simulation. For the case with 32/cell the noise level is roughly increased by 4 times, and the electron ﬂux
indeed appears more noisy near the end of the simulation (Fig. 7), nevertheless, there appears to be no significant change in ve, averaged over the fast oscillations.
It is clear that as the simulation continues, eventually noise will grow to large values to dominate the simulation. Increasing the number of particles will only postpone this stage. That the particle weights continue to
grow in an apparent steady state turbulence is a long-standing issue [18] in df simulations. In collisionless simulations (as is the case for the ion species here) this continuous growth of the weight is a result of the turbulent
diﬀusion of test particles. With collisions the phase space granulation process is eventually balanced by collisional processes, which limit the magnitude of the physical distribution function (df), but not the particle
weights in the commonly used collisional algorithm [19] in which Monte-Carlo techniques are used for the
diﬀusive collisional processes. This is shown in Fig. 7. A simulation of the case with 32/cell is repeated except
with mei = 0. It can be seen that the two cases are identical linearly and yield about the same level of ve. However, the average electron weight grows faster in the nonlinear stage in the collisional case. Thus the commonly
used collisional algorithm in df simulations does not suppress the weights from growing, even if the process of
phase space granulation is suppressed by collisions at suﬃciently ﬁne scales. The fundamental reason of this is
that with collisions df is better regarded as the integral of the particle weights at a given phase space location
[19]. It is perfectly reasonable and normally true that df is limited by collisions but the weights distribution
continues to broaden. This observation is crucial for future development of algorithms for long-term simulations. To achieve arbitrarily long-term steady state it is necessary to control the long-term growth of the par-

Fig. 6. Evolution of average magnitude of electron and ion weights (labeled with ‘‘electron’’ and ‘‘ion’’), and estimate of the noise-induced
ion heat ﬂux (1000vnoise).

854

Y. Chen, S.E. Parker / Journal of Computational Physics 220 (2007) 839–855

Fig. 7. Evolution of the average magnitudes of the electron weight with/without e–i collisions, and the electron heat ﬂux.

ticle weights, yet in doing so the important kinetic information due to test particle turbulent diﬀusion (which
leads to the weight growth as a true physical process) must be retained. Many of the subtleties involved in a
near-collisionless steady state turbulence, such as the role of the vanishing dissipation, entropy production and
the generation of ﬁne phase-space scales due to E · B nonlinearity, are discussed by Krommes and Hu [18].
A scheme for controlling the weights is successful only by discarding some of the kinetic information contained in the distribution, as is true both in Krommes’ ‘‘Thermostatted df’’ [20] and the Particle-Continuum
method [21]. Before that can be done, there is an important task of assessing the relevance of the discarded
information numerically, particularly in the presence of magnetic ﬁeld perturbations, which could enhance
turbulent diﬀusion and phase-space granulation for the electron distribution function. We will report results
of such numerical studies in a future publication.
6. Summary
We have described the implementation of general equilibrium proﬁles and ﬂux-surface shapes in the GEM
code. Various quantities, such as the magnitude of the magnetic ﬁeld, the Jacobian, etc. are deﬁned numerically, so arbitrary axisymmetric equilibrium can be handled. The ﬁeld equations are Fourier transformed in
the toroidal direction, then discretized in the radial direction pseudo-spectrally. An analysis of the split-weight
scheme is given, which suggests that the split-weight scheme achieves better numerical stability by enforcing
the equation for the rate of change of the electric potential, which is not compatible with the quasi-neutrality
condition for grid-scale ﬂuctuations, to be satisﬁed. The issues of long-term weight growth and discrete particle noise are brieﬂy discussed.
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